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ON BESSEL DISTRIBUTIONS FOR QUASI-SPLIT GROUPS

EHUD MOSHE BARUCH

ABSTRACT. We show that the Bessel distribution attached by Gelfand and
Kazhdan and by Shalika to a generic representation of a quasi-split reductive
group over a local field is given by a function when it is restricted to the open
Bruhat cell. As in the case of the character distribution, this function is real
analytic for archimedean fields and locally constant for non-archimidean fields.

1. INTRODUCTION

The purpose of this paper is to provide a first step towards a regularity theorem
for Bessel distributions. Such a theorem can play an analog role to the Regularity
Theorem of Harish-Chandra ([13] Theorem 2, [14] Theorem 1) which is a key ingre-
dient in Harish-Chandra’s Plancherel Theorem. Moreover, the Bessel distributions
appear naturally in the relative trace formula ([I6], [17], [4]) and play an analogous
role to the character distributions role in the regular trace formula ([1]).

Similar results were obtained by Hakim [12] for certain spherical distributions
and by Rader and Rallis [22] for general spherical distributions attached to p-adic
symmetric spaces.

In this present paper we will be concerned with representations that appear as
components of the representation

Y* = ind$ep.

Here G is (the rational points of) a quasi-split reductive group over a local field
k, U is the unipotent radical of a Borel subgroup of G and 1 is a non-degenerate
character of U. These representations (in the case of a finite field) first appeared
in the paper of Gelfand and Graev [I0)]. The Bessel distributions first appeared in
the paper of Gelfand and Kazhdan [11] for the group GL,(k), where k is a non-
archimedean local field, and were used to prove the uniqueness of the Whittaker
model. This result was elegantly generalized by Shalika [23] to quasi-split groups
over any locally compact field. We view this current paper as a natural appendix
to Shalika’s paper. We shall retain his notations and his style of proof by proving
our result first for G = GL,, and indicating how to generalize it later.

Our aim is to attach a function, which we shall call the Bessel function, to the
Bessel distribution that we are considering. This function will give the distribution
on the open Bruhat cell. Our method of proof uses Harish-Chandra’s techniques
for invariant distributions and does not use the uniqueness of the Whittaker model.
It is possible ([9], [24], [2], [3], [7]), at least in the non-archimedean case, to use
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2602 EHUD MOSHE BARUCH

the uniqueness in order to define Bessel functions without referring to the Bessel
distributions. It is a natural question to ask if these Bessel functions agree with the
Bessel functions which we introduce here. In the case of GI,, over a non-archimedean
field the answer is yes [3]. Moreover, in [2] and [3] we proved that for GLs and GLs
these Bessel functions are locally integrable and give the Bessel distribution on the
whole group. Bessel functions for GL2(R) were defined in [6]. In [H] it is proved
that they coincide with the Bessel functions defined here.

In section 2 we set up the notation and state our main result. In section
3 we prove the non-archimedean result for GL, and in section 4 we prove the
archimedean result for GL,(R). In section 5 we give some rank 1 examples and in
section 6 we indicate how to generalize our result to every quasi-split group.

Acknowledgments. I thank Alan Roche for many discussions and for the proof
of Corollary BHl 1 thank Cary Rader for many discussions and lectures about
Harish-Chandra’s work and I thank Steve Rallis for his advice, encouragement and
support.

2. STATEMENT OF THE MAIN RESULT

We retain the notation of [23]. We record them here for the benefit of the reader.

Let k be a field. If M is an algebraic group defined over k, My, will denote the
group of rational points. Let G = GL,,. Let H denote the subgroup of diagonal
matrices in G. Let U denote the subgroup of upper-triangular matrices and U the
subgroup of G which is opposite to U (that is, lower triangular). If

1

wo = . s

then U = woUwy; *.

If k is a local field, the groups G = Gy, H = Hy, U = U}, and U = Uy, may be
regarded as locally compact groups. Let N(H) be the normalizer of H and let
be a one-dimensional unitary representation (character) of U. We shall say that v
is non-degenerate if, for s € N(H) and not in H, the restriction of 9 to each of the
groups U N s~'Us is non-trivial.

For k non-archimedean (resp. archimedean), let C2°(G) denote the space of com-

plex valued, locally constant (resp. smooth) functions on G' with compact support.
For f € C*(Q), z,y € G, let

(Lo f)(y) = f(z7'y), (Ref)(y) = f(yz).

Let G act on distributions (on the left and right) by duality.

If k is archimedean, we may consider G as a real Lie group. We let g be the Lie
Algebra of G and U(g) be the universal enveloping algebra of the complexified Lie
algebra g€. We let Z(g) be the center of the universal enveloping algebra. Let 7 be
an irreducible admissible representation of G acting on a Hilbert space . Let D(7)
denote the linear subspace of $) spanned by all elements of the form 7 (f)v with
f€CP(Q) and v € . G leaves D(r) stable. If k is archimedean, we topologize
D(r) by the semi-norms ||v||p = ||Dv]||, D € U(g),v € D(x).
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Let D'(7) denote the vector space of all continuous linear functionals on D(7)
(the algebraic dual if k& is non-archimedean). Let Dj,(7) denote the subspace of
A € D/(m) such that

Am(uw)v) = Y(u)A(v), we U,ve D(m).

Let (7*,9") denote the representation contragredient to (7, ). Given A € Dy, ()
and X' € D, (") we can define the distribution J = Jr x » on C°(G) by

(2.1) J(f) = A7 (HN)), feCr(G).

Here ( , ) is a non-degenerate G invariant bilinear form on D'(7) x D(w). If k
is non-archimedean, then we can view 7*(f)(\) € D(w) through an isomorphism
of m with (7*)*. The same is true for k archimedean and f (left) K finite. For
the general case see [23], p. 183 and p. 184. Our distribution J coincides with the
distribution 7" in [23], p. 184. It is easy to see that J satisfies L,(J) = ¥~ 1(u)J
and R,J = ¥(u)J for all u € U. These properties allow descent from G to H.

Remark 2.1. Tt follows from [23], p. 184 that if k is archimedean, then J is an
eigendistribution for the center of U(g).

Remark 2.2. If ¢ is non-degenerate then by [23], Dy, () and D;,_.(7*) are either
both one-dimensional or both zero. In the case that they are one-dimensional, then
the distribution Jr x,» is determined uniquely up to scalars by ¢ and we denote it
by Jr . In that case we call it the Bessel distribution associated to .

We are now ready to state the main result of this paper.

Theorem 2.3. Let J = Jr x » be the distribution defined above. Let X = UHwoU
be the open Bruhat cell in G and dx be a Haar measure on G restricted to X. Then
there exist a function j = jr x x : X — C such that

J(f) = /X (@) f(@)dr, e C(X).

Moreover, if k is non-archimedean, then j is locally constant and if k is archimedean,
then j is real analytic.

Remark 2.4. The theorem above holds for every 1, degenerate or non-degenerate.
However, the nature and asymptotics of the function j = j x »» changes when
is degenerate. When v is degenerate we no longer expect j to be locally integrable.
See Remark [5.1] for an example.

It will be convenient to reformulate Theorem as follows. Let A\ = 7* (wp)\.
Then X satisfies

Ar(@)v) = Y1 (@)A(v), @e U,veD(n),
where 1, is the character of U defined by
(@) = ¥ (wy ).
Define J_ 5 ,, as in (Z.I). Then
e s = Lo (Jran)-

It follows that proving Theorem 2.3lis equivalent to proving that .J_ 5 ,, is given by

a function on the open set UHU. We shall formulate now a slightly more general
theorem.
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Let 91 be a character of U and 12 be a character of U. Let \; € D’'(r) and
A2 € D'(7*) be such that

(2.2) i (m(@)v) = Y1 (@)A1 (v), @€ U,v e D(r),
(2.3) Ao (m(uw)v*) = o(u) Ao (v*), u €U, v* € D(r*).
Define

(2.4) T (f) = AL, 7 (f)(A2)), [ € CZ(G).

Then J = Jr a, 5, satisfies
La(J) = o7 (@), ael,
and
R,J =a(u)J, weUl.
If k is archimedean, then J is an eigendistribution for Z(g).

Theorem 2.5. Let Y = UHU and let dy be a Haar measure on G restricted to'Y .
Then there exist a function j = jz a,.x, 1 ¥ — C such that

Traina(f) = / i)y, feCEy).

Y
Moreover, if k is non-archimedean, then j is locally constant and if k is archimedean,
then j is real analytic.

3. THE p-ADIC CASE

3.1. Admissible distributions on Abelian groups. In this section we recall
some definitions and results from [14] regarding admissible distributions. Let G be
an abelian p-adic group (by which we mean a totally disconnected abelian topolog-
ical group with a base of open compact subgroups). Let € G and let K be an
open compact subgroup of G. For every character x of K we define a function yx,
on K by letting

xz(zk) = x(k), k€ K.

We can also view X, as a function on every set containing x K by letting it vanish
outside of K.

By a distribution © on a set X C G we mean a linear functional from C2°(X)
to C.

Definition 3.1. Let © be a distribution on an open set X of G. Let x € X. We
say that © is admissible at x if there exists an open compact subgroup K of G such
that K C X and such that for every non-trivial character y of K we have

O(xz) = 0.
We say that 6 is admissible on X if it is admissible at every point z € X.

Lemma 3.2. Let G be abelian and X an open subset of G. A distribution © on X
s admissible if and only if there exist a locally constant function 6 on X such that

o(f) = [ o) f(a)iz
b's
for all f € C*(X). Here dx is a fized Haar measure on G.
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Proof. Assume O is admissible. Let € X. It is enough to prove that the statement
holds for a small neighborhood of z. Let K be as in Definition Bl By Fourier
inversion, every f € C°(zK) can be written as

[= Z/\xX:c
X

where all but a finite number of the scalars A\, vanish. Hence

O(f) = M6(L,) = O(L,) /X F(y)dy

so our function @ is given on K by O(1,)1,, hence it is constant on 2K and locally
constant on X.
The other direction is also easy and is left for the reader. O

3.2. Minimal K-types for congruence subgroups of GL,. We recall some
results of Howe and Moy [15] on minimal K-types for congruence subgroups of
GL,. These results were later generalized by Moy and Prasad [21] for reductive
groups. Our proof of Theorem 2.5 for the general case of a quasi-split group over a
non-archimedean local field will use the same argument as in the GL,, case utilizing
the general result of Moy and Prasad.

Let k& be a non-archimedean local field. Let R be the ring of integers in k and
P the maximal ideal in R. We let G = GL,(k) and K = GL,(R). Let H, U,
U be as in section 2. Let K,,,m > 1, be the congruence filtration of K where
K,, =1+ M,(P™). K41 is normal in K, and K,,,/K,,+1 is isomorphic to
M, (P™),/ M, (P™"") through the isomorphism A — A—1. The character group of
the Abelian group M,,(P™)/ M, (P™*1) is isomorphic to M, (P~(m*1)) /M, (P~™)
by the following isomorphism. Let 1 be a character of k such that 7 is trivial on
R and non-trivial on P~'. For every element of A of M, (P~("+1)) we define a
character 74 on M,,(P™) trivial on M, (P™*!) by

na(X) = n(trace(AX)).

The map A — n4 is our isomorphism. Thus every character y of K, trivial on
Koni1 is associated to a class in M, (P~(m*1D) /M, (P~™). The pair (K, x) is
called an unrefined minimal K type if the coset associated to x in M, (P~(m+1)
does not contain a nilpotent element. Howe and Moy ([I5], Theorem 1.1) and Bush-
nell [5] proved existence properties of unrefined minimal K types in irreducible ad-
missible representation of GL,, (k). Howe and Moy ([I5], Theorem 4.1) also proved
some uniqueness properties. Moy and Prasad [2I] generalized these results to ar-
bitrary reductive groups. To state the existence result we would need to introduce
the Iwahori filtrations. However, for our purpose, we shall only need a weak form
of the uniqueness result and only for congruence subgroups:

Theorem 3.3 ([15], Corollary 4.2). Let m be an irreducible admissible representa-
tion of GL, (k). Then there exists at most one integer m such that the restriction
of m to K,, contains an unrefined minimal K type.

Let H,, = HN K,, and let x be a non-trivial character of H,, which is trivial on
H,,11. We can extend x to a character y on K,, using the Iwahori decomposition
of Ky,

Ko = (U0 K Hp (U N Ko)
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and by defining
)Z(ﬂthQ) = X(h), U, € UﬂKm,h € Hy,uzs e UN Koy,

X is associated with a coset in M, (P~("+1)) /M, (P~™) and it is easy to see
that this coset contains a diagonal element d. Since y is non-trivial, d is not in
M, (P~™). Let i be an integer such that |d, ;|, the absolute value of the (¢,4) entry
of d is maximal. Then |d; ;| = ¢" for some r > m. Every element « in the coset of d
is of the form a = d+p for some p € M,,(P~™). It is easy to see that |(a¥); ;| = ¢*",
hence a is not nilpotent, that is, the coset of d does not contain nilpotent elements.
It follows that (K,,, X) is an unrefined minimal K type. The following corollary to
Theorem is immediate.

Corollary 3.4. Let w be an irreducible admissible representation of G. There exist
an integer M such that for every m > M and for every non-trivial character x on
H,,, which is trivial on Hp,11, the restriction of m to K,, does not contain x.

We can extend every non-trivial character of H,, (not necessarily trivial on
H,,+1) to a character on an open compact subgroup in the following way. Let
I > m be the smallest integer such that x is trivial on H;. Let

KX = (U ﬂKl,l)Hm(Uﬂ Klfl).

It is easy to check that K is a group and that x extends to a character y of K,
as above. We now have

Corollary 3.5. Let m be an irreducible admissible representation of G. Let M be
as in Corollary[34) and let m > M. Let x be a non-trivial character of Hy, and X
be the extended character on K. Then the restriction of m to K, does not contain
X-

Proof. Let I = I, be as in the proof of Corollary B.4 and let y denote the restriction
of x to H;_1. Let fi be the extension of u to K;_1. By Corollary B4, the restriction
of m to K;_1 does not contain fi. Since K, 2 K;_; and the restriction of x¥ to K;_;
is f1, our result follows. O

3.3. Proof of Theorem 25| for the p-adic case. As above we assume that k is
a non-archimedean local field. Given a distribution J on Y = UHU satisfying
La,J =97 un)J, €U,
and
Ry, J = 2(u2)J, wuz €U,

we can attach to it a distribution o; on H in the following way. For every a €
C(Y) we define 3, € C°(H) by

(3.1) Ba(h) = / (i hus ) () () diia .

UxU

By Proposition 1.12 in [23] the map a +— [, is surjective and there exists a unique
distribution o; on H such that

(3.2) J(a) =05(Ba)-
The distribution o determines the distribution J (on Y') completely. If o is given

by a locally constant function jg : H — C, then J is given by the locally constant
function j : Y — C given by j(@hug) = 91 (1) (ua)jg (h)A~(R), where A(h)
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is a modular function (Jacobian) such that dg = duy(A(h)dh)dus. Hence it follows
from Lemma that to prove that J is given by a function on Y, it is enough
to prove that o; is admissible. To conclude the proof of Theorem for the

non-archimedean case we now prove that o,_, , is admissible.

Proof. Let 7 be an irreducible admissible representation of G. Let A1, A2 be linear
functionals on the space of m and 7* respectively satisfying the properties (Z2) and

(Z3) respectively. Let Jx x,,x, be the distribution defined in (Z4) and o, ,, the
induced distribution on H. Let hg € H. We would like to show that oy _, , 1is

admissible at hg. We have
hoKm = (ho(U N Kp)hy ') (ho Hy) (U N Ky).

Let M be a positive integer as in Corollary and let m > M be such that
is trivial on ho(U N K,y )hg ' and such that 4, is trivial on (U N K,,,). In order to
show that o, , is admissible at hg we shall show that o _,  (xn,) = 0 for
every non-trivial character y of H,,. (Here H,, is an open compact subgroup of H
and plays the role of the subgroup K in Definition B)).

Let x be a non-trivial character of H,, and let ¥ be the character of K, as
defined in Corollary BH (Notice that here K, is an open compact subgroup of G
which contains H,,. K, depends on x but its Iwahori decomposition will always
have H,, as the middle piece). Let Xp, be the function which is defined on hoK,
by translating ¥ and which vanishes outside of ho K. It follows from Corollary B
that 7 (Xn,)A2 = 0. Hence Jx x, 1, (Xno) = 0. It is easy to see that B, = cxn, for
some non-zero scalar c¢. Hence o, , , (Xn,) = 0 and we have proved that o_, .,
is admissible at hg.

4. THE ARCHIMEDEAN CASE

In this section we will prove Theorem ZH for the case where G = GL,(R). Our
argument here works for every split real reductive group. For the general case
of quasi-split real reductive groups (which includes the case of complex reductive
groups) we shall need a slightly different approach which will be presented in section
5. The difference is that in the case of split real groups, the “radial component” of
the Casimir element gives rise to an elliptic differential operator. This is not true
in the general case; hence, we will have to show that there exist a member of the
center of the universal enveloping algebra that gives rise to an elliptic differential
operator. The argument is standard and follows Harish-Chandra’s proof for the
character case.

Let g = gl,,(R) be the Lie algebra of G. A basis for g is given by the elementary
matrices E; ;, 1 < i,j5 < n, where E;; has a 1 at the (¢,7)th entry and zero
elsewhere. The Casimir element A in the center of the universal enveloping algebra
Z(g) can be represented in the form

A=FE} +E3,+..+E,
+(n—1DEi1+(n—3)Eso+..+B3—n)Ep_1 1+ (1—n)E,,
+ > 2B B

1<j<i<n

Let Ay = B} |+ E3,+ ..+ E2,, + (n—1)E1 1 + ... + (1 — n)E, . We identify
U(g) with the algebra of left invariant differential operators on G. U(g) acts on

(4.1)
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distributions J on G, so that
Using Remark[2.]] it is easy to see that the following theorem implies Theorem 2.5]

Theorem 4.1. Let J be a distribution on G satisfying

(4.2) LaJ =47 w)J, uel,
(4.3) R,J =va(u)J, uweUl,
(4.4) AJ = kJ (for some k € C).

Then there exists a real analytic function j on'Y = UHU so that
10 = [ Wity fecEw)

Proof. We restrict J to Y and associate to it a distribution o; on H as in ([3.2).
Here we shall describe o7 in another way. The map p: U x H x U — Y given by
p(ty, h, uz) = t1husy
induces an isomorphism from C°(U x H x U) to C>°(Y'). We would like to compute
the effect of A on this map. In other words, if f € C°(Y) and if under the above

isomorphism
fd
for some ¢ € C2°(U x H x U), then
(4.5) A(f) = a(A)o

for some variable coefficient differential operator a(A) on C°(U x H x U). We shall
now compute «(A). To do that we first compute the effect of the basis elements
E; ;. It is useful to notice that Aduz(A) = A.

Assume

f(y) = fawboc(trhug) = a(@1)b(h)c(uz),
fora € C*(U), be CX(H) and ¢ € C2(U). Then

Adus (Ezﬂ,)(f)(’ljl hUQ) = %f(’ljth,QAd U2 (exp(tEi,i)))h:Q

(4.6) = %f(alh(exp(tEi,i))uz)|t=0

= a(u1)(E;,:b)(h)c(uz).
Similarly, for i > 7,

Adus(Byg) (1) (nhuz) = & F(inh(exp(tEy ) Jua)l =g

(47) = %f(ﬂlAd h(exp(tEi,j))huz)h:o

= %f(ﬂl(exp((thi,i/hj,j)Ei,j))hUQ)|t:0

= [(RE, ;a)(@1)][(hii/hyj,;)b(h)][c(uz)]
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Finally, for i > j,

Ad (B3 ) () 1) = 0 F(aah(exp(t0))u) o
= a(@1)b(h)(LE, ;¢)(u2).

Hence the differential operator a(A) is given by

a(A)=19A @14+ 2Rp,; ®ai; ® Lp,,

i>]

(4.8)

where «; ; is the multiplication operator
(0u D)) = b(n), b e € (),
hy.j
and R, ;, Lg, ; are the “right by ” and “left by ” differential operators, respectively,
attached to E; ;. Given a distribution J on Y we can define a distribution J on
U x H x U by letting J(a @b ® ¢) = J(fawboe). Now assume that .J satisfies (@),

#2) and [@3). By (£4), we have that a(A)J = kJ. By ([@2) and ({3), there exist

a distribution oy on H such that

(4.9) Ja®@b®c) = ( / a(a)wl(a)da> < / c(u)wg(u)du> o5(b).

Notice that this is the same distribution o; which was defined in (32)). By (E9)
we have

J(a(A)(a@b®c)=J10A ®@1(a®b®c))
+ Z J(Re,, ®a;;® L, ,(a®b®c))

>3

(4.10) - < / a(a)wl(a)da> ( / c(u)wz(u)du> 7(A1b)

+ ([ e @) ( [(Ls, o) ot
i>j
Let 1/)2.1’ ; and 1/)2 j» ©> j, be the purely imaginary numbers given by
U1(exp(tEi ) = exp(¥y;t), va(exp(tEj)) = exp(yy ;t).
From (4.10) we obtain the variable coefficient differential operator v(A) on H which
is given by

n—1
(4.11) Y(A) = A + Z 1/%1,1'+11/)i2,i+104i,i+1.
i=1

It follows from () that o satisfies the differential equation
Y(A) (o) = Koy.

Since v(A) — & is an elliptic differential operator, it follows from the regularity
theorem for elliptic differential operators that there exists a real analytic function
jmg on H such that

01 (6) = /H Jr(é(h)dh, &< C=(H),
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5. RANK 1 EXAMPLES

In this section we shall give some examples of Bessel functions of rank 1 groups.
These functions are basically classical Bessel functions or their analog for the p-
adic case. We remark that Bessel functions for GLy(R) have been defined and
computed in a different way in [6]. It is proved in [4] that these Bessel functions
are the same as the ones we defined here. Our Bessel functions here are solutions
of a second order differential equation. We will restrict ourselves to writing this
equation explicitly for SLy(R) and giving the two-dimensional general solution. To
find the precise solution (up to scalar) one can restrict the Bessel function in [6] to
the group SL2(R) for the appropriate representation. Bessel functions for principal
series of GLy over a non-archimedean local field are computed in [4]. Here we shall
give the result without proof.

5.1. Bessel functions for SLz(R). Let G = SLy(R), g =sl2(R). Let X, Y, T € g

be
0 1 0 0 1 0
x=(00) =010 =6 %)

A=1/2T* +T +2YX.
Then A is the Casimir element in Z(g). Let

U—{n(x)—<(1) f>|xeR}, U—{ﬁ(y)—(; (1)>|x€R}.
H—{h(a)—<a a_1>|a6R*}.
w—(l ‘1).

For r € R we let ¢ = 1),. be a character of U defined by

Ur(n(z)) = e,
We shall restrict ourselves to the situation of Theorem P23l Let J be a distribution
on G satisfying

Let

Let

and

(5.1) L(n)J = Y (n)J, R(n)J=1(n)J, necU,
and that
(5.2) AJ =K.

Let X = UHwU be the open Bruhat cell in G. As in (3I)) we define a mapping
from C°(X) to C°(H) by
Oa(h) :/ a(nyhwne)(ng ) (ne)dnidns.
UxU

We define a distribution oy on H by 05(¢q) = J(a). Since J satisfies (510, oy is
well-defined. It is easy to check that

(5.3) bra = (1/2T* + T + 2r°h™2) ¢,
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We shall confuse ¢(h) with ¢(a) = ¢(h(a)),a € R*, h € H. Let D =1/2T*+ T +
21202 — k. It follows from (5:2) and from (5:3) that

(5.4) 0;(D$) =0, ¢ € CZ(H).
For a differential operator D on H we let D! be the differential operator satisfying

/D¢(h(a))y(h(a))da = /sﬁ(h(a))Dty(h(a))da, ¢,y € CZ(H).

Here da is the standard Lebesgue measure on R (and not the Haar measure on H
which is identified with the Haar measure on R* which is dh = da/|a|). Since (£.4)
is an elliptic equation, there exist a real analytic function y(a) such that o is given
by

7:(0) = [ olalyla)da, o€ C2(H).
By (B4), y(a) satisfies the differential equation D'y = 0. Writing this equation
explicitly we have
(5.5) y' 4+ a0ty + (4r? — (14 2k)a )y = 0.

If 472 = 1, then the reader will immediately recognize that (55 is the classical
Bessel equation for J,, where v = 14-2x. For the general case we need to distinguish
two cases. Set v =1+ 2.
If r # 0, then a general solution for (5.5) is of the form
y(a) = c1J,(2ra) + oY, (2ra), c1,c0 € C,

where J, and Y, are the classical Bessel functions defined in ([1§], 5.4). We can
replace Y, with J_, if v is not an integer.
If r =0 and v # 0, then a general solution for (5.5]) is of the form

y(h) = c1|h]” 4+ c2|h|™", c1,00 € C,
If v = 0 we replace ca|h| ™" with caLog(|h|).

Remark 5.1. The different set of solutions gives different asymptotics at co. The
first set of solutions has order |a|~'/? for a — oo while the second case is the
degenerate case where 1) is trivial and the asymptotics depend on the eigenvalue k
of the Casimir element A.

Remark 5.2. If J is a distribution as above, then by Theorem [Tl there exist a real
analytic function j : UHwU — C such that

J(a) = / a(9)i(g)dg. o € C=(UHuU).
UHwU

Here dg is a Haar measure on . j is closely related to the function y above. To
compute j we notice that dg = dnj|a|>dhdns = dni|a|dadns and that

J(a) z/ a(nih(a)wnz)y(ni)y(a)(ng)dnidadns.
UxHxU
Hence we have
jn(@)h(@yun(y)) = €laly(a)e’™.
Remark 5.3. For a given representation of SLy(R) or GLy(R) it is possible to

compute the constants ¢; and ¢y appearing in the formulas for y(a) above. (See [6]
and [4] and the example below.)
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5.2. GLy(F'), where F' is non-archimedean. Let F' be a non-archimedean local
field and let G = GLo(F'). Let B be the upper triangular Borel subgroup of G and
let x = (x1,x2) be a quasi-character of B. Here x1, x2 are quasi-characters of F™*
and x can be viewed as a character of the diagonal subgroup. Let m, be the infinite
dimensional component of Ind%y. Let 1 be a character of F which is also viewed
as a character of U by the formula ¢(n(z)) = ¢(x). By the formulas in [4] we have

T (h(@)w) = /* xi(=a/2)xz(=a/h)|a/ 2| (a*/z - 2)d-.

Here [ f()de = o [, g S0

Remark 5.4. The same formula holds when F' = R with a suitable interpretation
for [* (cf. [@]). Indeed, let y1(z) = |2|”, xa(z) = |2|% and (z) = €. Then
if we ignore the question of convergence, we get that the integral above represents
the K-Bessel function hK, (2ih) (cf. [18], (5.10.25)), where v = ¢; — g2. But the
K-Bessel of an imaginary argument ih is a solution of the regular Bessel equation
for J, which is consistent with our solutions in the SLy(R) case above.

6. THE GENERAL CASE

In this section we shall outline the proof of Theorem for the general case
of quasi-split reductive groups. Most of the arguments presented in section 3 and
section 4 for GL, carry over to the general case and we shall indicate how to
generalize them.

Let G be a quasi-split reductive group over a local field k. Let B be a k split
Borel subgroup and let S be a maximal & split torus contained in B. Let H = Z(S)
be the centralizer of S. Then H is a maximal torus in G and B = HU where U is
the unipotent radical of B. Let U be the group opposite to U.

6.1. The non-archimedean case. Let k be a non-archimedean local field and let
H = Hj, and H;, i = 1,2,..., be open compact subgroups of H as defined in [21],
3.2, where they are denoted Z,, or in [19], where they are denoted Z). If G is split,
then

H; ={h € H:w(x(h) —1) >ifor all k-rational characters x of H}.

where w is the non-archimedean valuation on k. Let A be a basis of the affine root
system and let © C A. Let P = Py be the parahoric subgroup associated to © (see
[20], 2.2) and let P,, n = 0,1, ..., be the canonical filtration of P. (We can choose ©
to be a basis of the spherical root system to get the congruence subgroups of section
3. See the example in [19], 3.3.) Let s, = s, @ be the integer defined in ([20], 2.2).
Then P, share many properties of the congruence subgroups K,, defined in section
3. In particular, P, has an Iwahori decomposition P,, = (UNK,,)Hs, (UNK,), Pni1
is normal in P, and P,/ P, 41 is isomorphic to a quotient of certain R-Lie algebras,
where R is the ring of integers in k. Every non-trivial character of Hy, which is
trivial on H,,, , can be extended to a character of P, and forms an unrefined
minimal K type as defined in [21]. From here the proof follows exactly as the proof
in section 3.3. The uniqueness theorem ([I5], Theorem 4.1, Corollary 4.2) of Howe
and Moy for minimal K types of the congruence subgroups K, that is used in 3.3
is replaced by the uniqueness theorem of Moy and Prasad ([21], Theorem 3.5) for
unrefined minimal K types of the filtration subgroups P,.
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6.2. The archimedean case—a Harish-Chandra map. Here k is archimedean
and G = Gy, is considered as a real Lie group with Lie algebra g. The proof of
Theorem [l and in particular (46]), (1), @3I) and (@I0) yields a map from U(g)
to the algebra of variable coefficients differential operators on H which we will
describe now. Our interest is the restriction of this map to Z(G), the center of
Ulg).

Let n = Lie(U) and 7 = Lie(U). Let di; and di)s be the differentials of ¥ and
1) respectively and we extend them to characters of U (n) and U (n) in an obvious
way. Let h = Lie(H). Let ® be the root system of g€ with respect to h°, let
&t = {ay, ..., } be the set of positive roots determined by n. For every o € ®*
we fix non-zero X, € n and X_, € n in the root space of a and —a respectively.
Let {H1,..., H;} be a basis of . Then the elements

u((@); (ra) (po)) = XLy, - XTG HYY - HUXED - XE

—Q Qm

form a basis for the vector space of U(g). We define a Harish-Chandra map ~
from U(g) to the algebra of differential operators on H by defining it on the basis
elements u((g;), (m;), (p;)) as follows:

Y(u((gi), (ri), (pi)) = dip1 (X)) -+ - dip1 (X —q,, )™
(6.1) x dpa(Xa, )P - - - dipa(Xa,, )™
X (—qioq — ... — qmouy)H{* - - - HJ

and extend to U(g) by linearity. It is clear that when we apply 7 to the Casimir
element A in the universal enveloping algebra of gl,, we get the same differential
operator y(A) as defined in (ZII).

Now we replace ([£4) in Theorem F1] with the more general condition that J is
an eigendistribution for Z(g). That is, there exist a character x of Z(g) such that

(6.2) zJ =k(z)J, =€ Z(g).

Given a distribution J on G satisfying [@2), (£3)) and (6.2), we restrict J to UHU
and produce a distribution oy on H as in section 4. Since J is an eigendistribu-
tion with respect to Z(g) it follows that o is an eigendistribution with respect to
v(Z(g)). In order to finish the proof we must show that there exist elliptic differ-
ential operators in v(Z(g)). (If the group is split over R, then the image of the
Casimir A will be elliptic.) To do this we compare our map to the usual Harish-
Chandra map 7 : Z(g) — S(h). ¥ is a particular choice of v for the case where
dwl =0 and d'po =0.

By the proof of [8] Theorem 7.4.5, 4 preserves the grading on Z(g) and S(h). It
follows that in the representation of an element z € Z(g) as a linear combination
of u((qi), (r:), (p:)) there appears a highest order term w((g;), (r;), (p;)) such that
pi=0,¢;, =0,i=1,....m (ie., u((g), (r:),(p:)) € U(H)). Tt follows that the highest
order terms in y(z) and ¥(z) are the same. Since ¥(Z(g)) contains elliptic operators,
it follows that «(Z(g)) contains elliptic operators and our proof of Theorem [Z7] is
now complete.
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